The Geil-Matsumoto bound conditions the number of rational places of a function field in terms of the Weierstrass semigroup of any of the places. Lewittes' bound preceded the Geil-Matsumoto bound and it only considers the smallest generator of the numerical semigroup. It can be derived from the Geil-Matsumoto bound and so it is weaker. However, for general semigroups the Geil-Matsumoto bound does not have a closed formula and it may be hard to compute, while Lewittes' bound is very simple. We give a closed formula for the Geil-Matsumoto bound for the case when the Weierstrass semigroup has two generators. We first find a solution to the membership problem for semigroups generated by two integers and then apply it to find the above formula. We also study the semigroups for which Lewittes's bound and the Geil-Matsumoto bound coincide. We finally investigate on some simplifications for the computation of the GeilMatsumoto bound.
Introduction
Given n pairwise distinct places P 1 , . . . , P n of degree one of an algebraic function field F/F q , and a divisor G with support disjoint from {P 1 , . . . , P n }, the geometric Goppa code C P1,...,Pn (G) is defined by {(f (P 1 ), . . . , f (P n )) : f ∈ L(G)}. See [9] for a general reference. Then, the length of C P1,...,Pn (G) is n and it is bounded by the number of places of degree one of F/F q . Thus, an important problem of algebraic coding theory is bounding the number of places of degree one of function fields.
The Hasse-Weil bound for the number of places of degree one of a function field as well as Serre's improvement use only the genus of the function field and the field size. Geil and Matsumoto give in [4] a bound in terms of the Weierstrass semigroup of a rational place (i.e. the set of pole orders of rational functions having only poles in that place). It is a neat formula although it is not closed and it may be computationally hard to calculate. Lewittes' bound [7] , also called the gonality bound, preceded the Geil-Matsumoto bound and it only considers the smallest generator of the numerical semigroup. It can be derived from the Geil-Matsumoto bound and so it is weaker. The advantage of Lewittes' bound with respect to the Geil-Matsumoto bound is that Lewittes' bound is very simple to compute.
Important curves such as hyperelliptic curves, Hermitian curves or Geil's norm-trace curves [3] have Weierstrass semigroups generated by two integers. Also, for any numerical semigroup Λ generated by two coprime integers, one can get the equation of a curve having a place whose Weierstrass semigroup is Λ [5] .
In Section 2, we give some notions on numerical semigroups and solve the membership problem for numerical semigroups generated by two coprime integers. Then in Section 3 we use the result in Section 2 to deduce a closed formula for the Geil-Matsumoto bound when the Weierstrass semigroup is generated by two integers. In Section 4 we return to semigroups generated by any number of integers and study in which cases Lewittes' bound and the Geil-Matsumoto bound coincide. In Section 5 we give a result that may simplify the computation of the Geil-Matsumoto bound.
Membership for semigroups with two generators
Let N 0 be the set of non-negative integers. A numerical semigroup is a subset of N 0 containing 0, closed under addition and with finite complement in N 0 . A general reference for numerical semigroups is [8] . For a numerical semigroup Λ define the genus of Λ as the number g = #(N 0 \ Λ). The elements in Λ are called the non-gaps of Λ while the elements in N 0 \ Λ are called the gaps of Λ. The generators of a numerical semigroup are those non-gaps which can not be obtained as a sum of two smaller non-gaps. If a 1 , . . . , a l are the generators of a semigroup Λ then Λ = {n 1 a 1 + · · · + n l a l : n 1 , . . . , n l ∈ N 0 } and so a 1 , . . . , a l are necessarily coprime. If a 1 , . . . , a l are coprime, we call {n 1 a 1 + · · · + n l a l : n 1 , . . . , n l ∈ N 0 } the semigroup generated by a 1 , . . . , a l and denote it by a 1 , . . . , a l .
Among numerical semigroups, those generated by two integers, that is, numerical semigroups of the form {ma + nb : m, n ∈ N 0 } for some coprime integers a, b, have a particular interest. Important curves such as hyperelliptic curves, Hermitian curves or Geil's norm-trace curves [3] have Weierstrass semigroups generated by two integers. Properties of semigroups generated by two coprime integers can be found in [6] . For instance, the semigroup generated by a and b has genus , and any element i ∈ Λ can be uniquely written as i = ma + nb with m, n integers such that 0 n a − 1. From the results in [5, Section 3.2] one can get, for any numerical semigroup Λ generated by two coprime integers the equation of a curve having a point whose Weierstrass semigroup is Λ.
For a numerical semigroup, the membership problem is that of determining, for any integer i whether it belongs or not to the numerical semigroup. In the next lemma we first state a result already proved in [6] and then we give a solution to the membership problem for semigroups generated by two coprime integers. By x mod a with x, a integers we mean the smallest positive integer congruent with x modulo a. Lemma 2.1. Suppose Λ is generated by a, b with a < b. Let c be the inverse of b modulo a.
1. Any i ∈ Λ can be uniquely written as i = ma + nb for some m, n 0 with n a − 1.
2. i ∈ Λ if and only if b(i · c mod a) i.
Proof.
1. Suppose i ∈ Λ. Then i =ma +ñb for some non-negative integers m,ñ. Let n =ñ mod a and m =m + b⌊ñ a ⌋. Then i =ma +ñb = ma + (a⌊ñ a ⌋ + (ñ mod a))b = ma + nb with obviously m, n 0 and n a − 1.
For uniqueness, suppose i = ma + nb for some m, n 0 and n a − 1, and simultaneously,
Since a and b are coprime, a must divide n − n ′ which can only happen if n = n ′ and so m = m ′ .
2. If i ∈ Λ then by the previous statement there exist unique integers m, n 0 with n a − 1 such that i = ma + nb. In this case, i · c mod a = (ma + nb) · c mod a = n and then it is obvious that b(i · c mod a) i.
On the other hand, suppose i ∈ N 0 and define n = i · c mod a. Then i − nb is a multiple of a since (i − nb) mod a = ((i mod a) − (nb mod a)) mod a = 0. If nb i then i − nb is a positive multiple of a, say ma, and i = ma + nb, so i ∈ Λ.
Remark 2.2. Notice that for the case b = a + 1 the condition b(i · c mod a) i is equivalent to (a + 1)(i mod a) i and to a(i mod a) i − (i mod a) and so i mod a ⌊ i a ⌋. Therefore, i ∈ a, a + 1 if and only if the remainder of the division of i by a is at most its quotient. This was already proved in [2] .
The Geil-Matsumoto bound
Let N q (g) be the maximum number of rational places of degree one of a function field over F q with genus g. The Hasse-Weil bound [9, Theorem V.
Since g⌊2 √ q⌋ 0 it is enough to state equation 1. If we consider the Weierstrass semigroup Λ of any such places then we can define N q (Λ) as the maximum number of rational places of degree one of a function field over F q such that the Weierstrass semigroup at one of the places is Λ. Lewittes' bound [7] states, if λ 1 is the first non-zero element in Λ,
and the Geil-Matsumoto bound [4] is
In [4, 5] the next result is proved, from which Lewittes' bound can be deduced from the Geil-Matsumoto bound.
Here, for a numerical semigroup generated by two coprime integers a, b we describe the Geil-Matsumoto bound in terms of a, b giving a formula which is simpler to compute than (2). Theorem 3.2. The Geil-Matsumoto bound for the semigroup generated by a and b with a < b is
Proof. The Geil-Matsumoto bound for the semigroup generated by a and b with
where c is the inverse of b modulo a. Now, suppose that i ∈ Λ can be expressed as i = ma + nb for some integers m, n 0, n a − 1. Then
Consequently, the Geil-Matsumoto bound is
Now some technical steps lead to the next formula. 
Coincidences of Lewittes's and the Geil-Matsumoto bound
We are interested now in the coincidences of Lewittes's and the Geil-Matsumoto bound. To get an idea, one can see in Table 1 the portion of semigroups for which they coincide for several values of the genus and the field size.
Beelen and Ruano proved in [1, Proposition 9] that if q ∈ Λ then the bounds coincide. For the case of two generators, from equation (3) we deduce that GM q ( a, b ) = L q ( a, b ) if and only if q ⌊ q a ⌋b. Otherwise, the Geil-Matsumoto bound always gives an improvement with respect to Lewittes's bound. We want to generalize these results to semigroups with any number of generators.
Theorem 4.1. Let Λ = λ 1 , . . . , λ n with λ 1 < λ i for all i > 1. The next statements are equivalent
Proof. By Lemma 3.1 it is obvious that 2 implies 1. The converse follows from the inclusion Λ\∪ n i=1 (qλ i +Λ) ⊆ Λ\(qλ 1 +Λ) and the equality GM q (Λ) = L q (Λ) which, by Lemma 3.1, implies that #(Λ \ ∪ n i=1 (qλ i + Λ)) = #(Λ \ (qλ 1 + Λ) ). For the equivalence of the last two statements notice that q(
Notice that under the hypothesis q ∈ Λ then q(λ − λ 1 ) ∈ Λ is satisfied by all λ ∈ Λ. So, Theorem 4.1 generalizes Beelen-Ruano's result. 
Proof. We need to prove that q( . The reason is that although q(λ 2 − λ 1 ) ∈ λ 1 , λ 2 , it holds that q(λ 2 − λ 1 ) ∈ λ 1 , λ 2 , λ 3 = Λ.
In Table 1 
Simplifying the computation
Next we investigate in which cases the computation of Λ\∪ λi generator of Λ (qλ i + Λ) can be simplified to the computation of Λ \ ∪ i∈I (qλ i + Λ) for some index set I smaller than the number of generators of Λ. The next proposition can be proved very similarly as we proved Theorem 4.1.
Proposition 5.1. Let Λ = λ 1 , . . . , λ n and let I be an index set included in {1, . . . , n}. The next statements are equivalent.
2. For all i ∈ I there exists 1 j n, j ∈ I such that q(λ i − λ j ) ∈ Λ.
One consequence of Proposition 5.1 is the next proposition.
Proposition 5.2. Let Λ = λ 1 , . . . , λ n with λ 1 < λ 2 < · · · < λ n and λ 1 < q.
1. Let λ j be the maximum generator strictly smaller than
2. Let λ j be the maximum generator strictly smaller than We will call the generators that are strictly smaller than 2λ 1 − 1 GeilMatsumoto generators. What the last statement of the previous proposition says is that for computing the Geil-Matsumoto bound we only need to subtract from Λ the sets qµ + Λ for µ a Geil-Matsumoto generator. Since in general we need to subtract these sets for all generators, this constitutes an improvement in terms of computation. In Table 2 , we give the mean of the number of GeilMatsumoto generators and non-Geil-Matsumoto generators per semigroup for different genera. In Table 3 , we give the portion of Geil-Matsumoto generators (and non-Geil-Matsumoto generators) with respect to the total number of generators for different genera. We observe that, although the portion of nonGeil-Matsumoto generators decreases with the genus, it remains still significant, with a portion of more than 30% for genus 25.
Proposition 5.2 is a first consequence of Proposition 5.1 and it can be used to simplify the computation of the Geil-Matsumoto bound. We leave it as a problem for future research to find other consequences of Proposition 5.1 to get further simplifications. 
